Density functional theory is used to study pore formation in bilayer membranes in amphiphile solutions. The theory is applied to an interaction site model of surfactant molecules composed of two tangent spheres, with effective interactions that mimic the effect of the solvation forces induced by water. The free energy functional of the system exhibits local minima corresponding to planar structures, representing bilayer membranes. Pores in the bilayer are characterized by the rearrangement of the hydrophilic sites along the rim of the pore to shield the hydrophobic sites from solution. Our mean-field approach predicts the formation of stable microholes with a radius comparable to the molecular length. For membranes with a positive surface tension, the energy cost of creating a hole passes through a maximum as a function of the pore's radius, as predicted by classical nucleation theory. For large pores, the actual values of the nucleation barrier and the size of the critical nucleus can be approximated using a modified classical expression based on the surface tension and line tension of the planar bilayer.
I. INTRODUCTION
The properties of many disperse systems such as microemulsions, suspensions, and foams depend on the stability and permeability of bilayer fluid membranes. 1 The behavior of these thin liquid films is also of vital importance to the functioning of living cells. A variety of cellular processes depend on the controlled transport of material across lipid bilayers, and the viability of the cell itself is determined by the stability of the plasma membrane. 2 The formation of small holes, or pores, in the bilayer has been recognized as a distinct mechanism for the permeabilitzation and rupture of fluid membranes. 3 Interest in the nature of such pores has increased greatly in the past few years with the development of electroporation experiments used to introduce drugs, specific genes, proteins, or other macromolecules inside targeted cells. 4 In this technique, the membrane is subject to a short intense electric field that causes the formation of pores that close up when the field is removed. The lifespan of an open hole varies with the experimental conditions, and pores that grow beyond a critical size rupture the membrane. 5 Although electroporation has become a widely used experimental technique, the underlying microscopic mechanisms of pore formation are not very well understood.
Several theoretical approaches have been developed to study the structure and dynamic properties of pores in fluid membranes. 6, 7 Most of them derive from a simple model based on the general principles of classical nucleation theory. 3, 8, 9 The formation of pores is thus conceived as an activated process with an associated energy barrier determined by the surface tension of the membrane and the line tension of the pore's rim. This simple approach seems to describe many of the experimental features of pore formation, but does not provide any insights into the structural features of the pores. Alternative models have been developed to try to take into account both the internal degrees of freedom and the interactions between amphiphiles and solvent molecules in the system. In particular, Schick and coworkers have explored the stability and structural properties of model membranes composed of diblock copolymers dissolved in bulk homopolymer via self-consistent field theory 10 and lattice Monte Carlo simulations. 11 Their results indicate that, under appropriate conditions, the formation of a pore induces a rearrangement of the amphiphilic heads to shield the hydrophobic tails from the solvent.
In this paper, we present a density functional approach to the study of the nucleation of pores in bilayer membranes in amphiphile solutions. In contrast with previous theoretical approaches to pore formation, density functional theory ͑DFT͒ allows us to explore both the structural features of nucleated pores and the associated energy barrier to nucleation. Results from DFT can then be compared with the corresponding predictions of classical nucleation theory ͑CNT͒ for our model system. In particular, we use an interaction-site formalism 12, 13 in which amphiphiles are modeled as diatomic molecules with two different end groups and effective interactions that simulate the effect of the solvation forces induced by water. In earlier work, we have used a closely related approach to explore the equilibrium and kinetic aspects of formation of micelles and vesicles with spherical 14 and cylindrical geometries. 15 The paper is organized as follows: In Sec. II, we outline the density functional theory for the amphiphile solution. The properties of local minima of our free energy functional corresponding to planar bilayer membranes are presented in a͒ Electronic mail: vicente@u.arizona.edu Sec. III, where we also describe the criteria for selection of appropriate model parameters. In Sec. IV, we discuss the structural and energetic features of nucleated pores as predicted by density functional theory and classical nucleation theory. Finally, in Sec. V, we present a brief conclusion.
II. MODEL
We consider a minimal model for a system of amphiphilic molecules in water. In particular, we study the properties of a system composed of diatomic molecules, representing the amphiphiles, with effective interactions that mimic the effect of the solvation forces induced by water. In contrast with our previous work on micellar solutions, 14, 15 in which solvent particles are explicitly treated as an independent component, we assume that the degrees of freedom of the solvent molecules have been integrated out and we model the effective interactions between amphiphiles dissolved in water. The Helmholtz free energy of this fluid may be approximated by 14, 15 
with ␤ϭ1/kT, where k is the Boltzmann constant and T is the absolute temperature. The free energy is a functional of the local concentration of dissolved hydrophilic (iϭ1) and hydrophobic (iϭ2) sites i (r) and of the site activities f i (r), where the subindices iϭ1,2 correspond to the different atoms in the diatomic molecules of the surfactant. The total local density of atomic sites is then given by
The first factor in Eq. ͑1͒ is a measure of the ideal free energy of a binary mixture of isolated atoms. Bonding constraints lead to a decrease in the entropy of the system that depends on the structure of the intramolecular correlation function for the diatomic molecule:
where L is the bond length. The excess free energy per particle of the hard-body reference system ⌿͓(r)͔ is assumed to depend on the local packing fraction of hard spheres of diameter , (r)ϭ 3 (r)/6, and is estimated using the well-known Carnahan-Starling expression 16 ⌿͓͑r͔͒ϭ͑r͒͑4Ϫ3͑r͒͒/͑1Ϫ͑r͒͒
2 . ͑4͒
The interaction parameters ␣ i j in Eq. ͑1͒ mimic the effect of solvent-mediated intermolecular interactions between atomic sites ij in a local density approximation. The terms quadratic in the concentration gradients are then introduced to account for the free energy cost of any inhomogeneity in the system. 17 Although a more realistic approximation for the nonlocal contributions to the free energy might be used, the present square-gradient approximation leads to qualitatively accurate results while allowing us to explore the properties of amphiphilic aggregates that exhibit density variations in more than one dimension.
The equilibrium properties of our system can be obtained by minimizing the Helmholtz free energy F͓ i (r)͔ with respect to the site concentrations i (r) and site activities f i (r) at constant temperature T and volume V, under the restriction of a fixed number of atoms
͑5͒
The Euler-Lagrange equations for this system take the form [13] [14] [15] 
where
and i (i, jϭ1,2) represent appropriate Lagrange multipliers. For a homogeneous density distribution, the concentration of surfactant in any given homogeneous phase is determined by the conditions 1 ϭ 2 ϭ , f 1 f 2 ϭ , and the chemical potential of the surfactant molecules is then given by ϭ 1 ϩ 2 ϭkT ln ϩU 1 ϩU 2 . For low values of ͑and ) the homogeneous phase represents a dilute solution of amphiphiles in water. Under these circumstances, the grand potential of the system
is characterized by the presence of local minima for nonuniform density distributions, which correspond to different types of amphiphilic aggregates. In this work, we pay particular attention to the properties of molecular structures characterized by the presence of two molecular layers with opposite orientations, representing bilayer membranes or vesicles.
III. MEMBRANE PROPERTIES
Let us consider the properties of a system with local interaction parameters ␣ i j that model water-mediated interactions between hydrophilic heads ͑sites 1͒ and hydrophobic tails ͑sites 2͒ in amphiphilic molecules. In particular, we study the properties of systems for which ␣ 11 Ͻ0, and ␣ 12 , ␣ 22 Ͼ0. In order to select appropriate values for the model parameters K i j , we explored the elastic properties of bilayer membranes in the system. The microscopic elasticity of a bilayer fluid membrane without spontaneous curvature can be described by a harmonic bending energy ͑Helfrich surface Hamiltonian͒
in which the integral runs over the whole surface S, and H ϭC 1 ϩC 2 and KϭC 1 C 2 are the membrane's mean and Gaussian curvatures, C 1 and C 2 are the principal curvatures, and and G are the bending rigidity and the saddle splay modulus. A flat membrane is topologically stable only in systems for which s ϭϩ 1 2 G Ͼ0 and G Ͻ0, conditions that assure that the membrane is locally isotropic and stable toward the formation of many spherical surfaces. 19 The value of the elastic constants and G for our model membranes can be deduced by analyzing the properties of bilayer vesicles with spherical and cylindrical symmetry and a radius R much larger than the molecular size . In this limit, the free energy of formation of the vesicles ⌬⍀ can be approximated by 20, 21 ⌬⍀ sphere ϭ4R
where ␥ is the surface tension of the planar bilayer and L c is the length of the cylinder. The value of and G ϭ2( s Ϫ) may then be derived from the behavior of ⌬⍀ as a function of vesicle size, and for all practical purposes they are independent of the surfactant concentration. The work of formation ⌬⍀ of a vesicle-like structure in our density functional approach is given by 14, 15 
where ⍀ h is the grand potential of the surrounding homogeneous phase, and i (r) are the equilibrium concentration densities corresponding to solutions of the Euler-Lagrange equations, Eq. ͑6͒ for given symmetry and boundary conditions. We estimated ⌬⍀ for a variety of vesicles with spherical and cylindrical symmetry to explore the range of values of the model parameters K i j associated with the formation of topologically stable bilayer membranes ( s Ͼ0, G Ͻ0). In general, our analysis led us to select values of these parameters of the same order of magnitude as ͉␣ 11 ͉, with K 22 ϾK 11 Ͼ0, and K 12 Ͻ0. The negative value of K 12 is also suggested by chemical structure, since opposite gradients for 1 (r) and 2 (r) are induced by the intramolecular interactions. 22, 23 For a given set of appropriate interaction parameters ␣ i j and K i j , one can explore the structure and free energy of planar bilayers corresponding to local minima of the grand potential functional. As illustrated in Fig. 1 , the minimization of ⍀͓ (r)͔ in Eq. ͑8͒ leads to concentration profiles for a bilayer membrane in which hydrophobic sites are clearly segregated ( 2 (z)) and shielded from the solvent by the hydrophilic heads ( 1 (z) ). These results are similar to those previously obtained by us using a more sophisticated density functional approach, 14, 15 and to those generated via Monte Carlo simulations.
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Bilayer membranes exist as local minima in a narrow range of surfactant concentrations. As the chemical potential s decreases, one finds a minimum surfactant concentration below which no bilayer structure can be found ͑rupture limit͒, whereas as the chemical potential increases, a lamellar phase becomes increasingly stable. The thermodynamic coexistence of the membrane in the dilute solution of the amphiphile is determined by the condition ␥ϭ0, where the surface tension ␥ is given by the excess grand potential per unit area A,
The surface tension increases when the amphiphile concentration decreases from the coexistence point m toward the rupture limit ͑see Fig. 2͒ . In this range of concentration, ␥ Ͼ0 and the membrane can be expected to shrink via the formation of pores. The formation of such holes can be considered as a process of nucleation of a new phase in the bilayer.
IV. PORE NUCLEATION
Most theories of pore formation in membranes to date derive from a model based on classical nucleation theory. 3, 8, 9 The model conceives the membrane as a two-dimensional object in which pores are formed by spontaneous fluctuations. The work of formation of such pores is the result of the balance between the tension that they relieve and the free energy cost of the pore's rim. For a circular pore, ⌬⍀ can then be expressed as
⌬⍀͑R ͒ϭ2R⌫ϪR
2 ␥, ͑14͒ where ⌫ represents the edge energy per unit length or line tension. For ⌫, ␥Ͼ0, the competition between the two energy terms in Eq. ͑13͒ causes ⌬⍀ to pass through a maximum at R*ϭ⌫/␥, the so-called critical radius. A pore with a radius larger than the critical value is expected to grow without bound, and a membrane is only metastable against the formation of such pores when the nucleation energy barrier ⌬⍀*ϭ⌬⍀(R*)ϭϭ⌫ 2 /␥ is accessible to thermal fluctuations.
Classical nucleation theory ͑CNT͒ assumes that pores in a membrane can be treated as two-dimensional homogeneous objects with thermodynamic properties, such as the line tension ⌫, that are independent of size. Although this assumption may be appropriate to study the formation of pores close to coexistence (→ m , ␥→0), where the critical hole is expected to have a radius much larger than the membrane's width, it will likely fail to appropriately describe the nucleation behavior at higher surfactant concentrations, where the diameter of the critical pores is not greater than the length of a few molecules. A better approach would then be to use density functional theory ͑DFT͒ to derive the properties of these pores taking into account their microscopic structure.
We use DFT to explore the properties of cylindrical pores in planar bilayer membranes at different concentrations of surfactant. In particular, we search for nontrivial relative minima of the grand potential ⍀͓ i (z,r)͔, with equilibrium concentration profiles i (z,r) which depend on the distance perpendicular to the plane passing through the center of the bilayer ͑z͒ and on the radial distance to the symmetry axis of the pore ͑r͒. Figure 1 depicts typical concentration profiles across a membrane at a large distance (r ϱ ) from the center of the pore, while Fig. 3 presents the profiles through the central plane of the bilayer (zϭ0). As we can see in Fig. 3 , our model predicts the formation of pores in which the hydrophilic sites ( 1 ) rearrange to shield the hydrophobic sites ( 2 ) from the solvent. The concentration of hydrophobic sites increases along the rim of the pore in the region that is in contact with the solution, while there is a significant excess of hydrophobic sites inside the membrane, along the pore's rim. The analysis of the behavior of contours of constant concentration indicates that the membrane's width increases slightly along the rim. This general structure is characteristic of all pores with a radius larger than the molecular length Lϭ.
Our model allows us to calculate the work of formation ⌬⍀ of pores of different sizes at any given surfactant concentration. In this work, we defined the radius of the pore R as the radius of a cylinder with the same width and density as the bilayer membrane and containing the number of surfactant particles that one needs to remove to create the pore ͓a quantity that can be easily derived from the equilibrium concentration profiles i (z,r)]. Figure 4 illustrates our results for a system with positive line tension ⌫ at amphiphile concentrations both larger (␥Ͻ0) and smaller (␥Ͼ0) than the concentration at coexistence m (␥ϭ0). The sign and value of ⌫ can be deduced from the slope of the plot of ⌬⍀ versus R for m ϭ0 at large values of R, the limit in which CNT can be expected to apply.
Results from our calculations clearly indicate that our model predicts the formation of a stable microscopic pore with a radius comparable to the molecular length Lϭ, associated with the minima in Fig. 4 . This stable pore results from the energetic balance between the decrease in free energy associated with the excess number of hydrophobic sites shielded from the solvent along the rim of the pore and the energy cost to create the rim. This particular result may be an artifact of our mean-field approximation and the simplified nature of our diatomic model for the amphiphiles. In a more realistic approach, one can expect density fluctuations to have a strong impact on the energy cost and stability of such microholes. The structure of the initial fluctuations that lead to the formation of pores in bilayer membranes has not yet been clearly established. Glaser et al. have proposed that hydrophilic pores in a membrane can be expected to result from the growth of subnanometer hydrophobic holes with a linear scale less than an amphiphile headgroup diameter. 24 However, recent studies seem to indicate that pore nucleation can proceed via a moderate surface modulation of the bilayer, rather than by the formation of microholes. 10 For membranes with a positive surface tension ␥( Ͻ m ), the work of formation ⌬⍀ in Fig. 4 passes through a maximum as predicted by CNT. In order to compare our results with the predictions of the classical approach to the formation of pores, we calculated the edge energy or line tension ⌫ of planar bilayers at several surfactant concentrations. ⌫ can be estimated by calculating the energy per unit length, ⌬, needed to create a strip pore of width d in the bilayer. For large separations, the cost ⌬ is a linear function of the membrane's surface tension, with ⌬ϭ2⌫Ϫd␥. Our results are depicted in Fig. 5 , where we can see that the line tension decreases as the concentration of amphiphiles in solution increases. The surface ␥ and line ⌫ tensions in our model are directly related to the free energy needed to transfer an amphiphile from solution to the bilayer. Both quantities can thus be expected to decrease when the concentration increases.
The analysis of the results for the work of formation in Fig. 4 reveals that the value of ⌬⍀ for large pores and the size of the critical pore, R*, may be well approximated by the classical expression
where R*ϭ⌫/␥, where ⌫ and ␥ are thermodynamic properties of the planar bilayer, and the value of ⌬⍀ 0 can be deduced from the behavior of the work of formation of pores in a membrane with ␥ϭ0, for which ⌬⍀ is a linear function of R. A similar degree of accuracy in the prediction of the work of formation as a function of pore radius using Eq. ͑15͒ is observed in the less realistic case of a membrane with a negative line tension, for which stable pores of radius R* ϭ⌫/␥ are expected to form for concentrations Ͼ m ͑see Numerical predictions for the work of formation ⌬⍀, based on CNT ͓Eq. ͑14͔͒, are surprisingly accurate when shifted by the constant ⌬⍀ 0 as implied by Eq. ͑15͒. In our model, this shift results from the significant decrease in free energy associated with the excess number of hydrophobic sites shielded from the solution along the pore's rim. Although one suspects that the strong impact of this effect on ⌬⍀ may be an artifact of our mean-field approximation, our results indicate that classical predictions of the energy barrier to nucleation should be taken with caution. The molecular rearrangement induced by the formation of the pore seems to introduce an important contribution to the free energy that the classical approach does not capture.
V. CONCLUSIONS
The simple model that we have employed in this paper shows both the value and the limitations of classical nucleation theory as a description for pore formation in membranes. On the one hand, the free energies of larger pores can be fit to CNT expressions, giving explicit predictions from density functional theory for the surface tensions and line tensions in terms of the interaction parameters in the theory. On the other hand, for sufficiently small pores, the macroscopic approximations implicit in CNT break down because of rearrangement on the molecular scale; density functional theory provides a useful description of these processes that is consistent with the limited simulation results that exist for this problem.
The present model can be usefully extended in several directions. First, it would be desirable to replace the present square gradient approximation with a free energy functional in which the attractive force appears explicitly. However, such a functional would be nonlocal, and the numerical solution for the resulting density profiles is more time consuming than the present calculation. This type of functional was used in Refs. 14 and 15, but in those cases the densities only vary in one dimension, not in two as in the present calculation. A second extension would be to explicitly include an additional density for the solvent molecules, as in that earlier work. This would give a more realistic picture of the solvent-amphiphile interaction than the present approach. A final extension of the calculation would be to an amphiphile with a different shape, either with head and tail groups of different sizes, 15 or to explicit chains of hydrophobic units, in order to model more closely the phospholipid membranes in biological systems.
As discussed in Sec. I, one reason for the interest in pore formation in membranes comes from the process of electroporation: the appearance of pores when an intense electric field acts on a membrane. Density functional theory could be extended to study the properties of membranes in the presence of such external electric fields, to explore the mechanism by which holes open up as the field strength is increased. Alternatively, it may be possible in the future to study the pathway followed by ions or small molecules as they move through a bilayer membrane. Our approach is a start in some interesting new directions. 
